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ANALYTIC AND SUMMABLE SOLUTIONS OF 
INHOMOGENEOUS MOMENT PARTIAL 
DIFFERENTIAL EQUATIONS 


SLAWOMIR MICHALIK 

Abstract. We study the Cauchy problem for a general inhomo¬ 
geneous linear moment partial differential equation of two com¬ 
plex variables with constant coefficients, where the inhomogeneity 
is given by the formal power series. We state sufficient condi¬ 
tions for the convergence, analytic continuation and summability 
of formal power series solutions in terms of properties of the in¬ 
homogeneity. We consider both the summability in one variable t 
(with coefficients belonging to some Banach space of Gevrey series 
with respect to the second variable z) and the summability in two 
variables {t,z). 


1. Introduction 

The formal m-moment differentiation dm,z is a linear operator on the 
space of formal power series dehned by 

OO A OO A 

/ UjZ^ \ Uj+lZ^ 

^ rn(j) ’ 

i=o ' j=o ' 

where m{u) is a moment function constructed in the Balser theory 
of moment summability [U Section 5.5]. In the special case m{u) = 
r(l -b u), the operator dm,z coincides with the usual differentiation dz- 
More generally, for p G N and m{u) = r(l + u/p) the operator dm,z is 
closely related to the 1/p-fractional differentiation . 

The concept of moment differentiation was introduced by Balser and 
Yoshino [6], who studied the Gevrey order of formal solutions of inho¬ 
mogeneous moment partial differential equations with constant coeffi¬ 
cients. 

The theory of moment partial differential equations was developed 
by the author mm- In [To] formal, analytic and summable solutions 
of homogeneous moment partial differential equations were studied. In 
the same paper the author also calculated normalised formal solutions 
in the inhomogeneous case and he determined their Gevrey orders. 
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Next, in m the author extended the results of n to homogeneous 
equations with divergent Cauchy data. Moreover, Lastra, Malek and 
Sanz [7] generalised the results of HD! about homogeneous moment 
equations to the case when moment functions are determined by given 
strongly regular moment sequences. 

The present paper is a natural generalisation of mm to the in¬ 
homogeneous case with the inhomogeneity given by the formal power 
series. More precisely, we consider the initial value problem for a gen¬ 
eral inhomogeneous linear moment partial differential equation of two 
complex variables {t, z) with constant coefficients 

(1) iM( 0 , 2 r) = 0 for j = 0,... ,n - 1, 

where P{X,() is a polynomial of two variables of degree n with respect 
to A and the inhomogeneity /(t, z) is a formal power series in both vari¬ 
ables of Gevrey order (si,S 2 ) G and mi, m 2 are moment functions 
of orders si, S 2 respectively. 

Similarly to HU, we consider the wider class of moment functions 
than in |6] or [10], which creates the group with respect to multiplica¬ 
tion. This extension allows us to study some integro-differential oper¬ 
ators as moment differential operators. 

As in the previous papers uni [ID we use the moment pseudodiffer¬ 
ential operators Xi(dm 2 ,z) to factorise the operator P as 

P{dnii,t, dm 2 ,z) = Po{dm 2 ,z){dmut “ Ai((9,n2“ Xl{dm 2 ,z)TX 

where Po{C) is ^ polynomial and Ai(C),..., A/(C) are the roots of the 
characteristic equation P(A, C) = 0 of ([1]) with multiplicities rii,... ,ni 
(rii n; = n) respectively. 

In general, a formal solution of ([1]) is not unique, but it is uniquely 
determined by every formal power series 'g satisfying Po{dm 2 ,z)g = /, 
since there is exactly one formal solution of ([T]) satisfying also the 
moment pseudodifferential equation 

- Ai(a^2,U)”' • • • - h{.d^2,z)T'u = 9- 

If M is a formal solution of dlj) determined by 'g then u = X]L=i ^ap-, 
where Uap satishes the simple moment pseudodifferential equation 

( 2 ) 

Xa{djyi 2 ,z))^'^aP 9ap-i P) 0 for j 0, . . . , /3 1, 

for some formal series 'g^p constructed from 'g. 

In this way we reduce the problem (HD to ([2|). We immediately calcu¬ 
late the Gevrey order of Uap, which depends on a pole order of Aq,(C), 
the Gevrey order of 'g and orders of moment functions mi and m 2 

(Theorem [ID- 

If the Gevrey order of Uap is equal to zero, we study the analytic 
continuation properties of Uap- To this end we observe that by the 
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general theory of moment summability, without loss of generality we 
may assume that rriiiu) = r(l + Siu) and m 2 {u) = r(l + S 2 u). In 
this case we construct the integral representation of Uap, which allows 
us to hnd the connection between analytic continuation properties of 
solution UajS and inhomogeneity gap (Theorem [2]) . 

If the Gevrey order of Uap is greater than zero, then applying appro¬ 
priate moment Borel transforms Bm[,t and to (E]) we transform 

the formal solution Uap of (E]) with divergent inhomogeneity gap into 
the analytic solution Vap = Em^pEm'^^zUap of the equation 

^ai9m2m2,z')')^'^aP E^’^^iEjn'^^zdaP 

with the convergent inhomogeneity Bm[,tEm' 2 ,zdoip- In this way we ob¬ 
tain the sufficient conditions for the summability of Uap (both in one 
variable t and in two variables {t, z)) in terms of the analytic continu¬ 
ation properties of the inhomogeneity (Theorem [3]). 

Finally, returning to the general equation ([T]), we get the sufficient 
condition for the multisummability of u in terms of the inhomogeneity 
'g (Theorem [5]). 

In the last section we dehne the Newton polygon for moment partial 
differential operators with constant coefficients and we use it to describe 
the multisummable solutions of ([T]) in the case when inhomogeneity / 
is analytic in some complex neighbourhood of the origin. 

Since in the special case mi{u) = m 2 {u) = r(l -|- m), ([T]) is the 
Cauchy problem for an inhomogeneous linear partial differential equa¬ 
tion with constant coefficients and with a divergent inhomogeneity, the 
paper provides new sufficient conditions for the summability of formal 
solutions of such initial value problem. In this way the results of this 
paper extends our knowledge about summability of formal solutions 
of inhomogeneous linear partial differential equations, which was stud¬ 
ied earlier by such authors as Balser |3], Balser and Loday-Richaud [5], 
Balser, Duval and Adalek |4j . h4ichalik ii and Tahara and Yamazawa 

ra. 

2. Notation 

Throughout this paper we use the following notation. The complex 
disc in with centre at the origin and radius r > 0 is denoted by 
:= { 2 ; G C” : \z\ < r}. To simplify notation, we write Dr instead 
of D].. If the radius r is not essential, then we denote it briefly by 
(resp. D). 

A sector in a direction d G M with an opening e: > 0 in the universal 
covering space C\{0} ofC\{0} is dehned by 

Sd{e) := {;2 G C \ {0} : 2; = re*®, d — e/2 < 6 < d + e/2, r > 0}. 

Moreover, if the value of opening angle e is not essential, then we denote 
it briefly by Sd- 
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Analogously, by a disc-sector in a direction d G M with an opening 
e > 0 and radius r > 0 we mean a domain Sd{s;r) := Sd{s) U Dr- If 
the values of e and r are not essential, we write it Sd for brevity (i.e. 

Sd = SdUD). 

By 0{G) we understand the space of holomorphic functions on a 
domain G C Analogously, the space of analytic functions of 

the variables ,..., ((ki, ..., G N”) on G is denoted by 

C^i/ki,...,i/k„(G)- More generally, if E denotes a Banach space with a 
norm || • ||e, then by (9(6*, E) (resp. E)) we shall denote 

the set of all E-valued holomorphic functions (resp. holomorphic func¬ 
tions of the variables ..., Zn^"") on a domain G C C". For more 
information about functions with values in Banach spaces we refer the 
reader to [H Appendix B], In the paper, as a Banach space E we will 
take the space of complex numbers C (we abbreviate 0{G, C) to 0{G) 
and Gi/ki,...,i/k„(G', C) to Gi/ki,...,i/k„(G')) or the space of Gevrey series 
Gsp/ni.'f') (see De£nition[7|). 

Definition 1. A function u G C>i/K(^d(£; r), E) is of exponential growth 
of order at most K eM. as x ^ oo in Sd{e; r) if for any e G (0, e) and 
r G (0, r) there exist A,B<oo such that 

||m(x)||e < for every xG^d(e;r). 

The space of such functions is denoted by (9^^(^d(e; r), E). 

Analogously, a function u G Gi/Ki,i/K 2 (‘^<ii(^i; g) x ^^ 2 (^ 2 ;^)) is of 
exponential growth of order at most {Ki,K 2 ) G as it,z) 00 in 
SdAA]ri)xSd 2 {e 2 ]r 2 ) if for any G (0,6*) and any r* G (0,rj) {i = 1,2) 
there exist A, Bi,B 2 < 00 such that 

\u{t,z)\ < for every {t,z) G Sd^{ei]ri) x Sd 2 {e 2 ]r 2 ). 

The space of such functions is denoted by (^i; ri)xSd 2 {£ 2 ', g))- 

The space of formal power series u{x) = with Uj G E 

is denoted by E[[a:^]]. Analogously, the space of formal power series 
u{t,z) = with Ujn G E is denoted by E[[tG^ 2 ;^]]. 

We use the “hat” notation (u, v, tp, /, 'g) to denote the formal power 
series. If the formal power series u (resp. n, /, 'g) is convergent, we 
denote its sum by u (resp. n, (p, /, g). 

3. Moment functions 

In this section we recall the notion of moment methods introduced 
by Balser pQ. 
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Definition 2 (see [H Section 5.5]). A pair of functions and Em 
is said to be kernel functions of order k {k > 1/2) if they have the 
following properties: 

1. Cm e 0{So{7i/k)), em{z)/z is integrable at the origin, em{x) G 

M+ for X G M+ and Cm is exponentially flat of order k as z ^ oo 
in So{7r/k) (i.e. V£>o3a,b>o such that \em{z)\ < for 

z G So{7i/k — e)). 

2. Em G 0^{C) and Em{l/z)/z is integrable at the origin in 
S'^(27r — w/k). 

3. The connection between Cm and Em is given by the correspond¬ 
ing moment function m of order 1/k as follows. The function 
m is dehned by the Mellin transform of Cm 

noo 

(3) m{u)-.= / x'^~^em{x)dx for Rew > 0 

Jo 

and the kernel function Em has the power series expansion 


(4) 


A'm(^) 


CO 


E 

n=0 



for z e C. 


Remark 1. Observe that by the inverse Mellin transform and by fjTl) . 
the moment function m uniquely determines the kernel functions Cm 
and Em¬ 


in case A: < 1/2 the set — 7r/k) is not dehned, so the second 

property in Dehnition |2] can not be satished. It means that we must 
dehne the kernel functions of order k < 1/2 and the corresponding 
moment functions in another way. 


Definition 3 (see [1] Section 5.6]). A function Cm is called a kernel 
function of order A; > 0 if we can hnd a pair of kernel functions Cm and 
Em of order pk > 1/2 (for some p G N) so that 

em{z) = em{z^^P)/p for z e So{n/k). 

For a given kernel function Cm of order A: > 0 we dehne the correspond¬ 
ing moment function m of order 1 /A: > 0 by ([3]) and the kernel function 
Em of order A; > 0 by (jl]). 


Remark 2. Observe that by Dehnitions |2] and [3] we have 


m{u) = m{pu) and Em{z) = 


E 


f^o "^( 4 ) ^ ^iJp)' 


As in m, we extend the notion of moment functions to real orders. 


Definition 4. We say that m is a moment function of order 1/A: < 0 
if 1/m is a moment function of order —1/A: > 0. 

We say that m is a moment function of order 0 if there exist moment 
functions mi and m 2 of the same order 1/A: > 0 such that m = mi/m 2 - 
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By Definition m and by [H Theorems 31 and 32] we have 

Proposition 1 . Let mi, m2 be moment functions of orders si,S2 G M 
respectively. Then 

• mim2 is a moment function of order Si + S2, 

• mi/m2 is a moment function of order Si — S2. 


Example 1. For any a > 0, 6 > 1 and A; > 0 we can construct the 
following examples of kernel functions and of orders k > t) with 
the corresponding moment function m of order 1/k satisfying Dehnition 
ElorEl 

• em{z) = akz^^e~^*‘, 

• m{u) = aT{b + u/k), 

• a ^ 3=0 r{b+j/k)- 

In particular for a = 6 = 1 we get the kernel functions and the cor¬ 
responding moment function, which are used in the classical theory of 
fc-summability. 

• em{z) = kz^e-^\ 

• m{u) = r(l -I- u/k), 

• Em{z) = r(i+j/k) =• Ei/fc(2:), where Ei/k is the Mittag- 

Leffler function of index 1/k. 


Example 2. For any s G M we will denote by F,, the function 


r (iL ■= I r(l + SM) for s > 0 

■ [ l/r(l — su) for s < 0. 

Observe that by Example [T] and Dehnition 01 F^ is an example of a 
moment function of order s G M. 


The moment functions F,, will be extensively used in the paper, since 
every moment function m of order s has the same growth as F,,. Pre¬ 
cisely speaking, we have 

Proposition 2 (see [H Section 5.5]). If m is a moment function of 
order s G M then there exist constants c,C > 0 such that 

c^Ts{n) < m{n) < C"'Ts{n) for every n G N. 


4. Moment Borel transforms, Gevrey order and Borel 

SUMMABILITY 


We use the moment function to dehne moment Borel transforms, the 
Gevrey order and the Borel summability. We hrst introduce 


Definition 5. Let a G N and m be a moment function, 
linear operator : E[[a:^]] E[[a;«]] dehned by 


j=0 j=0 


Ui 


m{j/K) 


X- 


3/1^ 


Then the 
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is called an m-moment Borel transform with respect to 

We define the Gevrey order of formal power series as follows 

Definition 6. Let k G N and s G M. Then u G E[[xk]] is called a 
formal power series of Gevrey order s if there exists a disc D (Z C with 
centre at the origin snch that G C>i/k(D,E). The space of 

formal power series of Gevrey order s is denoted by E[[xk]]s. 

Analogonsly, if ki,K2 G N and si,S2 G M then u G E[[f ''i , ]] is 

called a formal power series of Gevrey order (si,S 2 ) if there exists a 
disc C with centre at the origin snch that ^ 

C>i/ki,i/k 2 (-D^,E). The space of formal power series of Gevrey order 

1 1 

(si,S 2 ) is denoted by E[[t'^z z"^]]si,s 2 - 

Remark 3. By Proposition [21 we may replace T^ (resp. T^^ and T^j) 
in Definition [6] by any moment fnnction m of order s (resp. by any 
moment fnnctions mi and m 2 of orders Si and S 2 ). 

Remark 4. If m G E[[a:«]]s and s < 0 then the formal series u is con¬ 
vergent, so its snm u is well dehned. Moreover, u G E[[a;7]]o u G 
C>i/k(D,E) and u G E[[a:«]]s u G for s < 0. 

By Definitions [5] and [6] we obtain 

Proposition 3. For every u G E[[x^]] the following properties of mo¬ 
ment Borel transforms are satisfied: 

• cvcry momcnt funcUons mi 
and m 2 . 

• = « for cvcry 
moment function m. 

• M G E[[a:7]]^^ G E[[a:7]]^j_^ for every s, Si G M 

and for every moment function m of order s. 

As a Banach space E we will take the space of complex nnmbers C 
or the space of Gevrey series Gs,i/k( 7’) defined below. 

Definition 7. Fix k G N, r > 0 and s G M. By Gg^i/nir) we denote a 
Banach space of Gevrey series 

GsP/ni^) ■= {</? G C[[ 2 ;«]]s: G Oi/i^{Dr) H C{Dr)} 

eqnipped with the norm 

ll^llG,i/Jr) := max|Sp^ i/«^(2;)|. 

|2|<r 

We also set Gs,i/k, ■= Ih^G^, 1 /^( 7 ’). Analogonsly, we dehne Oi/^^G, Gs^i/k) 

r>0 

li^Oy~^{G,G,,y^{r)) and G,,i/,) := lir^(Pf/~(G, G,,i/,(r)). 

r>0 r>0 
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Moreover, we denote by the space of formal power series 

u(t,z) = of Gevrey order si with coefficients Uj{z) G 

G's2,1/k- 

By Dehnitions El 0 Remark [3] and Proposition [3] we conclude 

Proposition 4. For every k G N, s,s G M (resp. Si,S 2 ,s G and 
for every moment function m of order s the following conditions are 
equivalent: 

• ue C[[a;-]]s (resp. u G C[[f, 

• Oi/^{D) (resp. ^ Oi^i/^{D‘^)), 

• there existsr > 0 suchthatu G Gs^i/^ir) (resp. u G Gs 2 ,i/K(r)[[t]]si 

• M G Gs,i/n (resp. u G Gs^p/M^sJ, 

• e C[[a :^]],_5 (resp. G Gs^-s,i/MsJ- 

Now we are ready to dehne the summability of formal power series 
in one variable (see Balser PP) 

Definition 8. Let a G N, iL > 0 and d G M. Then u G E[[a;«]] is 
called K-summable in a direction d if there exists a disc-sector in a 
direction d such that G E). 

Remark 5. By Dehnitions 0 and [HI u G is iL-summable in a 

direction d if and only if ^ x D). 

We can now dehne the multisummability in a multidirection. 

Definition 9. Let fci > • • ■ > > 0. We say that a real vector 

(di,..., dn) G M” is an admissible multidirection if 

|dj — dj_i| < 7r(l/fcj — lfkj-i)/2 for j = 2,... ,n. 

Let k = {ki,...,kn) G and let d = (di,...,d„) G M"' be an 
admissible multidirection. We say that a formal power series u G E[[x]] 
is ]s.-multisummable in the multidirection d ii u = ui + ■ ■ ■ + Um where 
Uj G E[[a;]] is iL^-summable in the direction dj for j = 1,..., n. 

Following Sanz [T2] we extend the notion of summability to two 
variables 

Definition 10. For Ki,K 2 G N, Ki,K 2 > 0 and di,d 2 G M the 
formal power series u G C[[t”i, ^'^ 2 ]] is called {Ki, K 2 )-summable in 
the direction (di,d 2 ) if there exist disc-sectors and Sd 2 such that 

Remark 6. By the general theory of moment summability (see [U Sec¬ 
tion 6.5 and Theorem 38]), we may replace Tijk in Dehnition0 (resp. 
Ti/Kx and T 1 /K 2 in Dehnition fTOjl by any moment function m of order 
1/K (resp. by any moment functions mi of order 1/iFi and m 2 of order 
l/A'j). 
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Using moment functions of order 0 we can formulate the above re¬ 
mark as 

Proposition 5. We assume that Ki, 1^2 £ N? Ki,K 2 > 0, di,d 2 G M, 
mi,fn 2 are moment functions of order 0, m G C[[f , 2;''2 ]] and v G 
C’i/ki,i/k 2 (^^)- Then 

• u is Ki-summahle in the direction di (with respect to t'^i) if 

and only if 2 i/« 2 W is Ki-summable in the direction 

1 

di (with respect to t'^^). 

• u is {Ki, K 2 )-summable in the direction (^ 1 ,^ 2 ) if and only if 

p/'^iBjn^ ^i/k 2 W is {Ki, K 2 )-summable in the direction {di, ^ 2 )- 

x Z)). 

X S*). 

5. Moment operators 


In this section we recall the notion of moment differential opera¬ 
tors constructed by Balser and Yoshino [B] and the concept of moment 
pseudodifferential operators introduced in our previous papers mm- 


Definition 11. Let m be a moment function. Then the linear operator 
dmx- lE[[a:]] —)■ IE[[x]] dehned by 


d, 


m,x 



m{j) )■ ^ 


^t + l 7 

m{j) 


is called the m-moment differential operator dm,x- 

More generally, if k G M then the linear operator ^.i/^ : E[[a;«]] 
E[[x«]] dehned by 


d„ 


cl/x 


E 


Ui 




x-' 


1/^1 — 


E 

j=o 


m{j/K) 


is called the m-moment 1 /n-fractional differential operator 

Moreover, the right-inversion operator : E[[a:K]] —>■ E[[a:K]] 

given by 


^-1 / Uj 

V m{j / k) 

j=0 ' > 


X-’ 


3tT\ — 


E 






is called the m-moment 1 /n-fractional integration operator 


Below we present most important examples of moment differential 
operators. Other examples, including also integro-differential opera¬ 
tors, can be found in m Example 3]. 
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Example 3. If m{u) = ri(M) then the operator dm,x coincides with the 
usual differentiation dx- More generally, if s > 0 and m{u) = rs(M) 
then the operator dm,x satishes 

{dra,xU){x") = dl{u{x")), 

where d^. denotes the Caputo fractional derivative of order s dehned by 



r.(j) 


X 


sj 


The moment differential operator dm,z is well-dehned for every ip G 
0{D). In addition, we have the following integral representation of 

09 . 

Proposition 6 (see m Proposition 3]). Let ip G 0{Dr) and m be a 
moment function of order 1/k > 0. Then for every \z\ < e < r and 
n G N we have 

= / CEUzCf-^^dCdw, 

J\ix\=£ Jo wQ 

where 6* G (— argw — — arg w + ^). 

Using the above formula, we have dehned in cni Dehnition 8] a 
moment pseudodifferential operator \{dm,z) '■ 0{D) —)■ 0{D) as an op¬ 
erator satisfying 


\{dm,z)Em{,Cz) := \{C)Em{,Cz) for ICI > ro. 

Namely, if A(C) is an analytic function for |(C| > vq then A(dm,z) is 
dehned by 

1 f e (dw) 

X{dm,zMz) t{w) / X{C,)E^{Cz)-E^dCdw 

ZTll J\ui\=e JroeiO QU’ 

for every p G 0(Dr) and \z\ < e < r, where 6* G (— argw —— argw-f- 

2k )■ 

In [n] we have extended this dehnition to the case where A(((’) is an 
analytic function of the variable f for |(C| > tq (for some k G N 

and To > 0). Since {dm,zT){z^) = ^'^zi.Tiz'^)) fo’^ every p G 0{D)^ 
where rh{u) := m{u/K,) (see [TOl Lemma 3]), the operator X{dm,z) 
should satisfy the formula 


(5) {X{dm,z)T){z^) = Kdff,,z)iT{z'')) for every peOi/^{D). 

For this reason we have 


Definition 12 f fTTl Dehnition 13]). Let m be a moment function of 
order 1/fc > 0 and A(C) be an analytic function of the variable f 
for Id > To (for some a G N and ro > 0) of polynomial growth at 
inhnity. A moment pseudodifferential operator X{dm,z)- C>i/«;(-D) —^ 
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Oi/i^{D) (or, more generally, X{dm,z)'- lE[[;2«]]o —)■ E[[; 2 i]]o) is defined 
by 
( 6 ) 




2K7ri 


roo(d) 


|U)|=£ 


I dCdw 


f j-Qe'-' 


for every ip G Oi/i^{Dr) and \z\ < e < r, where m{u) := m{u/K,), 
EfniC^/^z^/^) = Er=o ^ ^ (-argw - f ,-argw; + f) and 


^2|=£ means that we integrate n times along the positively oriented 
circle of radins £. Here the integration in the inner integral is taken 
over a ray {re*^: r > ro}. 


Observe that 


oo(0) 

(Md^MU') = ^ f <pM [ x(QEa(C'^zf-^:^d(dw 

2Km J (w 

VQS^^ 

oo{6/k,) 

SO (j5]) holds for the operators X{dm,z) defined by ([6]). 

Immediately by the definition, we obtain the following connection 
between the moment Borel transform and the moment differentiation. 


Proposition 7 . Let m andm' he moment functions of positive orders. 
Then the operators Bm',x,dm,x- IE[[a;]] —)■ E[[a;]] satisfy the following 
commutation formulas for every u G E[[a;]] and for m = mm': 

i) xdm,x^ 9fil,xBm',x'^! 

ii) Bm',xP{.dm,x)u = P{dm,x)Bm',xU for any polynomial P with con¬ 
stant coefficients. 

The same commntation formnla holds if we replace P{dm,x) by X{dm,x)- 
Namely, we have 

Proposition 8 (see m Proposition 8]). Let m and m' be moment 
functions of positive orders and A(C) he an analytic function of the 
variable f for \(\ > rg (for some k G N andrg > Oj of polynomial 

growth at infinity. Then the operators A(clm,x): E[[x«]]o —t 

E[[x«]]o satisfy the commutation formula 

Bm' X{dffix)B.^ixX/i^U 

for every u G E[[a;«]]o and for m = mm'. 

Using Proposition [8] we are able to extend Definition [12] to the formal 
power series and to the moment fnnctions of real orders. 
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Definition 13 ([HI Definition 14]). Let s G M, m be a moment func¬ 
tion of order s" G M and X{() be an analytic function of the variable 
^ for I Cl ^ ^0 of polynomial growth at infinity. A moment pseu¬ 

dodifferential operator \{dm,z) for the formal power series (p G E[[z «]]5 
is defined by 

(7) X{dm,z)^iz) ■= 2l/«A((3m:_^)i3r^,^l/K</5(2:), 

where fn := mT-s, s := max{s, 1 — s)} and the operator X{dm,z) is 
constructed in Definition WI\ 

Remark 7. Note that the choice of s := max{s, 1 — s} guarantees that 
G E[[ 2 ;«]]o and that m is a moment function of positive 
order s -|- s' > 1. Thanks to that, the operator X{dm,z) given by (|7]) is 
well-defined. 

Definition 14 ([101 Definition 9]). We define a pole order q G Q and a 
leading term Aq G C\{0} of A(C) as the numbers satisfying the formula 
lim^^oo A(C)/C^ = -^o- AVe write it also A(C) ~ AqC^- 

At the end of the section we recall the estimate given in m 

Lemma 1 f [Tn Lemma 2]). Let (p G C[[2;^]]s, s < 0, m &e a moment 
function of order 1/k > 0 and X{dm,z) o, moment pseudodifferential 
operator with A(C) ~ AoC*^ o,nd g G Q. Then there exist r > 0 and 
A,B < oo such that 

sup \X^{dm,z)T{z)\ < \Xo\^AB^Tq+^s+i/k){j) for j = 0 , 1 ,..., 

\z\<r 

where q'^ := max{0, q}. 

6. Formal solutions and Gevrey estimates 

In a similar way to [10] we generalise the results of m to inho¬ 
mogeneous case. Without loss of generality we may assume that the 
initial data vanish. So it is sufficient to consider the following Cauchy 
problem for general inhomogeneous linear moment partial differential 
equation with constant coefficients 

fSl I Pi^rnut, dm2,z)u = / G C[[t, 

\ di^,^M0,z) =0 for j = 0,...,n-l, 

where mi, m 2 are moment functions of orders si,S 2 G M respectively, 
(si,S 2 ) G is a Gevrey order of the inhomogeneity / and P(A,C) is 
a general polynomial of two variables, which is of order n with respect 
to A. It means that 

n I 

P(A,C) = P„(C)A”-^Pj(C)A”-'' = P„(C)P(A.C) = Po(C)n(^-V(C))”“. 

j=l 0=1 
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where Ai(C), • • •, ^i(() are the roots of the characteristic equation P(A, () 
0 with multiplicities rii,... ,ni (rii + ■ ■ ■ + ni = n) respectively. Since 
Aq,(C) are algebraic functions, we may assume that there exist k G N 
and tq < oo such that Aq,(C) are holomorphic functions of the variable 
^ (for \(\ > ro) and, moreover, there exist Aq, G C \ {0} and 

Qa = (for some relatively prime numbers Ha & Ij and G N) 

such that Aa(C) ~ for a = 1,..., 

Hence Xa{dm 2 ,z) are well-dehned moment pseudodifferential opera¬ 
tors and consequently also the operator 

P(9mi,t, dm2,z) = (5mi,t “ >^l{dm2,z)T^ ' ' ' (9mi,t “ h{d.m2,z)T' 
is well-dehned. 

If Po(C) 7^ const, then the formal solution of (E]) is not uniquely deter¬ 
mined. For this reason we choose a formal power series g G C[[f, ^]]si,s 2 
satisfying the equation PQ{dm 2 ,z)d = /• For such 'g we may construct 
the uniquely determined solution u of 

f P(f^mi,0 9 ^ ^]]si,52 

1 ^mi,z«( 0 , 2 ;) = 0 for j = 0,...,n-l, 

which is also a formal solution of ([H]) and is called the formal solution 
of determined by g. 

In a similar way to m Theorem 1], we generalise the results for the 
analytic Cauchy data given in [TOl Theorems 7 and 8] as follows 


Theorem 1. Let u be a formal solution of ^ determined by 'g E 
C[[t,z]]s,,s2- Thenu = J2l^^J2'yl ^ Uap with Uajs being a formal solution 
of simple inhomogeneous pseudodifferential equation 

/Q\ / ^a{dm2,z))^‘^a0 9oif} 

\ ^i,tWa/3(0, ^) = 0 /or j = 0,..., /3 - 1 


where gayit, z) := daii{dm2,z)g{t, z) G C[[t, z-]]si^s2 anddayiC) is a holo¬ 
morphic function of the variable / = of polynomial growth. 

Moreover, if qa is a pole order of Xa{C) for some a G and 

qf := max{0,gQ,}, then a formal solution Uap is a Gevrey series of 
order Qa ■= max{g/(s 2 + S 2 ) — Si, Si} with respect to t. More precisely, 
Uap e C[[t,z-]]Q^^S 2 or, equivalently, Uap G Gs2,i/K[[t]]Q,,. 


Proof. For hxed S 2 > max{s 2 , —S 2 } we dehne v := By 

Proposition [TJ n is a formal solution of 

I Pidrn,,t,d^2,z)v = 

\ ^) = 0 for / = 0,..., n - 1, 

determined by h = where ttii := miF^^ and m 2 : = 

m 2 Ts 2 . Since m 2 is a moment fnnction of order S 2 -|- S 2 > 0 and 
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h G C[[t, z]]o,s 2 -s 2 with $2 — S 2 < 0, repeating the proof of [101 Theo¬ 
rem 7] we conclude that v = with being a formal 

solution of 

f ^aidm 2 ,z)^^^cxfi ^') 

\ ^4i,t'^«/3(0, z) = 0 for j = 0,..., /3 - 1, 

where Kp{t,z) = da 0 {djn 2 ,z)h{t, z) G C[[t, z-]]o,s 2 -s 2 and is 

a holomorphic function of the variable ^ and of polynomial 

growth. Hence, by Dehnition [T31 u = eLi 1 Uai 3 where Ua/s = 
satishes ([9]) with 

9 ap{t,z) = '^) ~ ^^-Si,t^r-s^,z^/’^dap{dfn 2 ,z)h{t, z) 

daj3{dfYi2,z')^T—-g^^zhiti z') dap(djYi2,z')9id-) ^') 

for /3 = 1,..., Uq, and a = 1,..., 

To hnd the Gevrey order of Vafj{t,z) = E^o respect 

to t, observe that by cni Lemma 8] 

^ / Ic \ 

(10) Vap{t, Z)= ( « _ 1 ) Z). 

k=/3-l ' 


Since 

( 11 ) 


Kp{t,z) = ^ 

j=0 


hai3,j{z) 

mi{j) 


is a Gevrey series of order 0 with respect to t and rrii is a moment 
function of order si -|- Si, there exist r > 0 and A, B < oo such that 

sup \ha/3,j{z)\ < AB^Ts^+siij) for j = 0,1,... 

| 2 |<r 


Substituting flTTll into 03 we obtain 

oo • j-l 

-) = E 5 - 7 -T E 




k 




^ I i^2,z)hal3,j-k-l{z) . 


Hence, by Lemma (H there exist r > 0 and C, D < 00 such that for 
every z ^ Dr 


1-1 


\VaPj{z)\ < 


^ \P-1 

fc=/3-l 


\^a/3^~^^i9m2,z)hal3,j-k-liz)\ 


1-1 


SCO' E r,i(s=-,.+„+>.)('=)U.«U-'=-!)■ 

fc=/3-l 


Hence there exist A,B<oo such that 

sup \Va^j{z)\ < AB^Vq^+sAj) for j = 0, 1, . . . , 

|2|<r 
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where = max{g+(s 2 + S 2 ) - 

It means that Vafiit,z) = ^ G'.-2-32,i/k[W]q.-Si- Fi¬ 
nally, by Proposition m we conclude that Uap = G 

Gs 2 ,i/K[[t]]Q^ or, equivalently, G C[[t, z^]q^,s 2 - □ 

7. Integral representation and analytig solution 

By Proposition |5l to study analytic continuation or iP-summability 
of u satisfying ([9]) we may replace mi and m 2 by P^i and P^j, where si 
and S 2 are orders of mi and m 2 respectively. So by Propositions [7] and 
[HI we may assume that u is a formal solution of 

=0for j = 0,...,/3-l, 

where A(C) is a root of the characteristic equation of ([8]). It means that 
A(C) is an analytic function of the variable ^ for > tq and 

A(C) ~ AoC- 

By [Tnl Lemma 8] the formal solution of f[T2|) has the power series 
representation 


( 12 ) 


(13) S(i,;)= I o _ , 

j=B-i AP / 


To hnd the integral representation of u, we hrst show 
Lemma 2. If (p{x) G IE[[a:]], fc G N and s > 0 then 


,,1/s 


(14) 




^iy')dy 


(^1/s _ y-jks 


Tsik) 


dy. 


Proof. After the change of variables t := the right-hand side of 

f[TT[) is equal to 


RHS = 


X 


(1 - V(Fx) dt. 


T{ks 

Since ip{x) = Fave 

°° .^n+k 

RHS = 


ifnX" 


r(fcs)P(l + ns) Jo 


dt. 


Moreover, using the beta integral formula we conclude 

(1 - dt = B{ks, 1 + us) = F(^s)r(l + ns) 


Hence 


RHS = 


Pr. 


^0 r(i + (fc + u)s) 


^n+fc _ 


P(1 + {k + n)s)' 

00 

Pn-k 


n=k 


P(1 -I- ns) 


x^ = LHS. 


□ 
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We also prove 


Lemma 3. Let s > 0 and /? G N. Then the function 


(15) 


■= 

j=h 


TU) 


possesses the following properties 

(a) e,,p{x) G 

(b) if s < 2 and argx G (s7r/2,27r — s7r/2) then es,/s(x) 0 as 

X oo. 


Proof. Observe that by [U Lemma 6] the properties (a) and (b) are 
satished by the Mittag-Leffler function E 5 (x) = EJlorSp- Moreover, 
we can express the function Cs^g^x) in terms of E 5 (x) as 

X 


es,g{x) = 


x'^ 


Hence Cs^p also satishes (a) and (b). 


□ 


Using the dehnition of moment pseudodifferential operators and the 
power series representation of u we can hnd the integral representation 
of solution u 


Proposition 9. Let X{() ~ AqC^ analytic function of the variable 
^ for Id > tq. We also assume that g G si,S 2 > 

0 and Si > qs 2 . Then the solution u of /[IE) belongs to the space 
C^i,i/k(-D^) and has the integral representation 

-1 

u{t,z) = - / ® g{T^^ ,w)drk{t,T, z,w) dw dr, 

2^71* Jo J\w\=e 


where 


k{t, T, z, w) := 


n 1 1 1 er (Cw) 

A(C))Br„ (C-^-) A d( 


/ ^Qgil 


^ ^ Cw 

and esj^^p{x) is given by 

1 

Moreover, if Si > qs 2 and g G ^ (C x D) then also u G 


0™(CxD). 


Proof. Since g G and Si > qs 2 , by Theorem [T] we get 

u G To show that the integral given in the dehnition of 

k{t,T,z,w) is convergent, observe that by Lemma [3|, Dehnitions [2] and 
|3] there exist constants Ai and 6* {i = 1, 2, 3) such that 

• |er.dCw7)| < 
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Hence, for fixed w E C \ {0} such that \z\ is small relative to |r(;| and 
for |f| < a\w\'^ with some hxed a > 0 and for r G [0,fn], we have 

poo 

\k{t,T, z,w)\ < / dx < oo. 

It means that the integral representation of the solution m is a well- 
dehned holomorphic function in some complex neighbourhood of the 
origin. To show that this integral representation holds, observe that 
by ([6]), flT^ and f[TT|l we have 


i=/3-i 




-E 

i=/3-i 


OO / . \ /*i^l 

3 ^ " 


/9-1 


z)d d^'l dr 


ft'*i rn 


2K7ri 


g{T'‘\w)dr 


f*oo{6) 


•0 J\w\=£ 


' roe“ 


X E 

J=/3-l 


-1 

2 Kiri 


~ ^siU + 1) 

, w)drk{t, T, z, w) dw dr. 


^siU + 1) 

A-''(C) X 

Er^iC^z-)- 


3 ^ - T)"A^+bA^+i(C) ^ .i.er.JC'u^) 


(w 


d( dw dr 


ft"! PK 


' 0 ^ I lil I =£ 


The second part of the proposition is given by Theorem [T] and by 


the observation that g,u G (C x D) if and only if u G 

C[[t,2:«]]g£2-£i,0- □ 


Using the above integral representation of solution of 0121) we con¬ 
clude that 


Theorem 2 . Let mi, m 2 be moment functions of orders Si,S2 > 0 
respectively and let A(C) ~ XqC^ be an analytic function of the variable 
i = Cf-E for Id > vq. We also assume that si = qs 2 , K > 0, d E R 
and u is a solution of 

( — ^{dm2,z))^U = 9 ^ C>1,1/k(-D^) 

I ^i,tw(0, z) = 0 for j = 0,..., 13 - 1. 

Then u{t, z) E Off^^{Sd x ^(d+argAo+ 2 fc 7 r)/< 7 ) for k E N if and only if 

g{t,z) E Off^^{Sd X ^(d+argAo+ 2 fc 7 r)/g) for k EN. 

Proof. Let U := Bmi,tl3jn^^^i/KU and G := Bfrii,tEm2W/'^9i where rhi and 
m 2 are moment functions of order 0 dehned by mi{u) := Ts^{u)/mi{u) 
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and m 2 {u) := Vg^iu)/'fn 2 {u). By Propositions [7] and |H1 we conclude 
that t/ is a solution of 

/ (Sr.,,, - K3t.,..)YU = G € 

I = 0 for j = 0, - 1. 

To finish the proof, by Proposition E] it is sufficient to show the equiv¬ 
alence U{t,z) e 0^fll{Sd X 5(d+argAo+2fc7r)/g) for fc G M G{t,z) G 

^ *^(rf+argAo+2fc7r)/g) for k EN. 

(^) Since G{t,z) = ~ z) then G{t,z) belongs to 

the same spaces Off/^{Sd x ^(d+argAo+ 2 fc 7 r)/g) for fc G N as U{t,z). 

(<^=) Deforming the path of integration with respect to w in the 
integral representation of solution given in Proposition IH] and repeating 
the proof of [a Lemma 4] we conclude the assertion. □ 

8. SUMMABLE SOLUTION 
Let M be a formal solution of 

/ { 9 mi,t ~ ^{dm2,z))^U = g E C[[t, Z'^]]si,s2 

I x) = 0 for j = 0,1, 

where mi, m 2 are moment functions of orders Si,S 2 respectively and 
let A(C) AqC^ be an analytic function of the variable ^ for 

ICl>^0- 

By the Gevrey estimates u E C[[t, 2;«]]max{q(s2+52)-si,si},s2- ^ the case 
when the Gevrey order is positive, it is natural to ask about summa- 
bility of u. Our aim is a characterisation of summable solutions u in 
terms of the inhomogeneity 'g. Using Theorem [2] we prove 

Theorem 3. Let d eM. and u be a formal solution of l[T6\) with q > 0. 
We consider two cases. 


I. q{s2 + S 2 ) - si> si, q{s2 + h) 
case we assume that G(t, z) = 


1 


IJ(S2+S2)-S1 


Sr, iSr 

^ 9(s2+®2)-'>l ’ -*-■ 

Then the following statements hold: 


Si > 0 and S 2 + S 2 > 0. In this 
.i/H.'git, z) and K = 


• If G E Off^^{Sd X S(d+argAo+ 2 fc 7 r)/ 5 ) (k E Nj then u is K- 
summable in a direction d with respect to t. 

• If G E (Sd X S(d+argAo+2fc7r)/5) (k E N), Si < qs 2 and 

S 2 > 0 then u is {K, j-)-summable in directions {d, (d-t-argAoT 
2k7r)/q) (k eN). 

• If Si = qs 2 and S 2 > 0 then u is {K, Y)-summable in directions 
(d, (d -|- arg Ao + 2fc7r)/g) (k E fl) if and only if 'g is (iP, ^)- 
summable in the same directions. 


Moreover, i/si < 0 then we may replace the condition G E 
S{d+„gWk,)/,) (k€N) byG€ X S(j+„ja„+2S,)/,) (k € N;. 
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II. q{s2 + §2) — Si < Si, Si > 0 and Si + Si > 0. In this case 
we assume that G(t,z) = Br. ,Br, z) and K = ^. If 

G G 0 ^’^l^{Sd X *S(d+argAo+2A:7r)/g) G Nj then u is K-summable in a 
direction d with respect to t. 

Moreover, if we additionally assume that Si > g(s2 + S2) then u is 
K-summable in a direction d if and only if If has the same property. 


Proof. I. We assume that g(s 2 + S 2 ) — Si > Si, g(s 2 + S 2 ) — Si > 0 and 


S 2 + S 2 > 0. Applying the moment Borel transforms B 


B 




to (dSD we obtain 


T I 

^ Q'(s2 + ®2)-«l 


and 


and 


“ Kdm2Ts.^,z)YU - G G , 

^) = 0 for J = 0,..., /3 - 1, 

where U{t,z) := 

G{t,z) := 

If G G 0^f^l^{Sd X ^(d+argAo+2fc7r)/g) ^ N), then by Theorem E] we 
conclude that also U G x ^(d+argAo+ 2 fc 7 r)/g) {k G N). Hence 

by Dehnition [8], Remark [5] and Proposition [5|, u G Gs 2 ,i/K[[t]] is K- 
summable in a direction d. 

If we additionally assume that Si < qs 2 and S 2 > 0 then qK < d- and 

if, A - 

consequently U G x 5'(rf+argAo+2fc7r)/g) {k G N). It means by 

Dehnition fTOl and Proposition |5] that u G C[[t, 2 ;«]] is {K, A)-summable 
in directions (d, (d + arg Aq + 2k7i)/q) (fc G N). 

If qK = A then by Theorem[2]we conclude that U{t, z) G Off^^{SdX 
S(d+a,Tg Xo+2kTT)/q ){k eN) if and only if G(t, 2 ;) G Gj^;^^(5dX^(rf+argAo+2fc7r)/<? 

{k eN). By Dehnition [TUI and PropositionElit means that u G C[[t, z^f\ 
is {K, A)-summable in directions (d, (d + argAo + 2fc7r)/g) {k G N) if 

and only if ^ G C[[t, z^\\ is {K, A)-summable in the same directions. 

Finally, observe that G G C[[f, z«]]sj+s^_q(s 2 +s 2 ), 0 ) h means by Re¬ 
mark IHthat G G (C X D) for g(s 2 + S 2 ) > Si-l-Si. Hence, 

if Si < 0 then < K and consequently G G x D). 

So, in this case the conditions G G x *F(d+arg Ao+ 2 fc 7 r)/(j) {k G N) 

and G G G^j^f (5^ x S'(rf+argAo+ 2 fc 7 r)/g) {k G N) are equivalent 

H. Now we assume that g(s 2 + S 2 ) — Si < Si, Si > 0 and Si -f Si > 0. 

As in the previous case we obtain that u is iP-summable in a direction d 
with respect to t under condition that G G Ofy^{Sd x *F(d+argAo+ 2 fc 7 r)/(j) 
(keN). 

Similarly to the hrst part of the proof, observe that in our case 
G G C[[f, 2;«]]o,s2+s2-Pi+5i)/g and consequently G G C)“i+^i-'^A+'» 2 ) ^ 
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C) for g(s 2 + S 2 ) < Si + Si- So, if Si > g(s 2 + S 2 ) then also G G 
X *S(rf+argAo+ 2 fc 7 r)/g) ^ N)- It Hieans that if ^ is it'-summable 
in a direction d with respect to t, or equivalently G G x D), 

then G G x ^(d+argAo+ 2 fc 7 r)/g) {k G N) and consequently also 

u is i^-summable in a direction d with respect to t. Conversely, if u 
is it'-summable in a direction d with respect to t then of course also 
d = — ^{dm 2 ,z))^u lias the same properties. □ 

Example 4. To illustrate the above theorem, let us discuss the summa- 
bility of the formal solution u of the Cauchy problem 

f {dt - df)u = ge 0[[t]],, 

\ dtu{0,z) = 0, 

where g G N and s G M. Observe that u satishes (USD with mi = m 2 = 
Ti, Si = S 2 = 1, A(C) = (3 = 1, Si = s and S 2 = 0. By Theorem [3] 

we conclude that 

• If g > 1, g - 1 > s and z) G {Sd x S(d+ 2 kn)/q) 

for k = 0,..., g — 1 then u is ^^-summable in a direction d 
with respect to t. 

• If g > 1, s < 0 and 2 ;) G 0^{D x S(^d+ 2 k-K)/q) for 

fc = 0,..., g — 1 then u is ^^-summable in a direction d with 
respect to t. 

• Ifg-l<s, s>0 and Br,,tg(tG) ^ 0~s’i{Sd x S(^d+2k7T)/q) for 
k = 0,..., g — 1 then u is 4-summabIe in a direction d with 
respect to t. 

• If g = 1 and s > 0 then u is A-summable in a direction d with 
respect to t if and only if g has the same property. 

Now, let us return to the Cauchy problem ([HD with the additional 
condition that all Ua^ constructed in Theorem [1] have the same Gevrey 
order with respect to t. In this case we have 

Theorem 4. Let d G M and u be a formal solution of ^ determined 
hyg& C[[t, ^]]si,s 2 - consider two cases. 

/. S 2 + S 2 > 0 and there exist q G Q+ being the common pole order 
of XaiC) (ke. Xa{C) ~ XaC^) for every a = l,...,l and satisfying 
g(s 2 + S 2 ) > Si + Si and g(s 2 + S 2 ) > si. In this case we assume 
that G(t,z) = Br , , - , tBr- z^it,z) and K = —. Then the 

following statements hold: 

• //G G C>^’''^(^rfX^(rf+argAc+ 2 fe 7 r)/g) (for a = 1,..., I and k G N) 
then u is K-summable in a direction d with respect to t. 

• If G e 0^'^^{Sd X ^(d+argAc+ 2 fc 7 r)/g) (for « = !,...,/ and k G 

Si < gs 2 and S 2 > 0 then u is {K, j^)-summable in direc¬ 
tions (d, (d + arg+ 2/c7r)/g) (for a = 1,... ,l and k eN). 
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• If Si = qs 2 and S 2 > 0 then u is {K, -^)-summable in directions 
{d, {d + arg Aq + 2/c7r)/g) (for a = 1,..., / and k if and 

only ifg is {K, j^)-summable in the same directions. 

Moreover, if si <Q then we may replace the condition G G x 

arg Aa +2k.)/q) byGe 0^^{D X S(^d+ arg Aq, + 2 kTT)/q) (far a 1,I 

and k eN). 

II. Si > 0, si + si > 0 and qa{s 2 + S 2 )—si < si for a = 1,... ,1, where 
qa G Q+ is a pole order of Xa{C) (^-a- Aa(C) ~ \aO°‘) for every a = 

1.. .., In this case we assume that Gait, z) = )/qa-s ^zdify 

and n = ^- IfGaE x ^(d+argA<,+ 2 fc 7 r)/q) (for a = l,...,l 

and k eN) then u is K-summable in a direction d with respect to t. 
Moreover, if we additionally assume that si > qa{s 2 + S 2 ) (for a = 

1.. .. ,1) then u is K-summable in a direction d if and only if If has the 
same property. 

Proof. By Theorem [1] we conclude that u = with Uay 

being a formal solution of simple inhomogeneous pseudodifferential 
equation 

r i,dmi,t Xa{dm2,z)^^ 9aP 
I z) = 0 for j = 0,..., /3 - 1 

where Ifayit, z) := dayidm 2 ,z) 9 {t, z) E C[[t, ^«]]si,s 2 and d^yiC) is a holo- 
morphic function of the variable ^ = C” and of polynomial growth. 

In the first case, if Gas := Br , , - , ,z9aB then by Proposition 

0 

Gay = day{^m2Tg.^,z)BY^^^,^^J^g^)_,^^,tBYg^^z9 — day{dm2rg^,z)G 

ioT a = 1,... ,l and (3 = 1,... ,na. Hence if G G G^’'^^(^dX^(d+argA,+ 2 fc 7 r)/g) 
(for a = and k E N) then for every fixed a E and 

(I E {!,.. .,na] we conclude that Gay G (^d x ^(d+argA,,+ 2 fc 7 r)/g) 

(for k eN). 

By Theorem [3] we see that Uay is iP-summable in a direction d with 
respect to t for every a G {1,..., and (3 E {1,..., Uq}. Consequently 
also u = Y!a=i TTyh Uay is iC-summable in a direction d with respect 
to t. 

If additionally we assume that si < qs 2 and S 2 > 0 then by Theo¬ 
rem [3] we conclude that Uay is {K, ^)-summable in directions (d, (d -|- 
arg Xa + 2kTi)/q) for every a, d G {1,..., and (3 E {1,..., Ua), so u 
also is {K, ^)-summable in the same directions. 

Finally, we assume that Si = qs 2 and §2 >0. If u is {K, ^)- 
summable in directions (d, (d -|- argA^ -|- 2k7i)/q) (for d = 1,...,/ 
and k E N) then also If = P{dmi,t, dra 2 ,z)u is {K, ^)-summable in the 
same directions. For the converse, if If is {K, ^)-summable in direc¬ 
tions (d, (d -|- arg Aq, -|- 2k7i)/q) (for d = 1,..., / and k E N) then also 
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daj 3 = da^{dm 2 ,z)d(ty cind, by Theorem [31 are (i^, ^)-summable 
in the same directions for every a = 1,..., / and (3 = 1,..., Ua- It 
means that u = is {K^ ^)-summable in the same di¬ 

rections, too. 

Using the same arguments as in the proof of Theorem [3l we hnish 
the proof of the hrst case. In the same way we prove the second part 
of the theorem. □ 


9. Multisummable solution 


Now we return to the general Cauchy problem ([8]) with si, S 2 , si, S 2 G 
M satisfying si > 0, S 2 > 0 and S 2 -I-S 2 > 0. For convenience we assume 
that 

h la 

(17) p(A,c)= fo(c)Aa,c) =n(c) n n(^ - 

a=l /3=1 


where is the root of the characteristic equation with 

Qa ^ Q and \ai3 G C \ {0} for a = 1,...,h and /3 = 1,... ,la- Without 
loss of generality we may assume that there exist exactly N positive 
pole orders of the roots of the characteristic equation, which are greater 
than and say max{ < ■ ■ ■ < < 00 . Let 

Ka ■= {qa{s2 + h) - for tt = 1 , . . . , iV. 

By Theorem [H the formal solution m of (|H]) determined by ^ G 
is given by 


h la '^ocl3 

(18) ~ 

0=1 /3=1 7=1 

with tia /37 satisfying 

J '^a/3 (^m2,2:) 

I ^+,iWo/37(0, z) = 0 for j = 0,..., 7 - 1, 

where g^n^it.z) = z) G C[[t, z-]]g^^s 2 and d«/ 3 ^(C) is a 

holomorphic function of the variable = C" and of polynomial growth 
at inhnity. Moreover Uap-y G C[[t, where Qa = max{g+(s 2 + 

S 2 ) —Si, Si} for a = 1,..., h. It means that Qa = qa{.S 2 +S 2 ) — Si for a = 
1,... ,N. li N = n then we may ask about (iFjv,..., iFi)-summable 
solution u. Similarly, if we assume that Si < 0 then Qa < 0 for 
a = -|- 1,..., h, so also in this case we may try to hnd {Kjsi, ..., Ki)- 

summable solution u. On the other hand if si > 0 then Qa = si for 
a = -|- 1, ..., h and we can ask about (iL, ..., iFi)-summable 

solution u with K = ^. 

SI 

So, under the above conditions, using Theorem [3] and similar argu¬ 
ments as in the proof of Theorem 0] we obtain 
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Theorem 5. Case I: si < 0 or N = n. 

We assume that {dN,...,di) G is an admissible multidirection 
with respect to (i^Ar, and Ga{t, z) := z) 

satisfies 

G^ifiz) G X ^(rf,+argA.,+ 2 fc.)/gJ 

for every a = 1,... ,N, (3 = 1,..., Zq, and Zc G N. Then the formal 
solution u of ^ determined by 'g is {K^,..., Ki)-summable in the 
multidirection {dN, ■ ■ ■ ,di). 

Case II: Si > 0 and N < h. 

We assume that {d, d^,... ,di) G is an admissible multidirec¬ 
tion with respect to {K, Kn, ■ ■ ■, and z) := z) 

satisfies 

Gaifiz) G X ^(d,+argA.,+ 2 fc.)/,J 

for every a = 1,... ,N, {3 = 1,..., and k E N. Additionally we 
assume that Qa > 0 and Go(t, z) = Brg^ tBvg^ wit, z) satisfies 

1 Qa /v /v 

Go{t,z) G C>“i’=i (S'j X 

for every a = N 1... ,h, (3 = 1,... ,la o^nd k E N. Then the formal 
solution u of ^ determined by If is {K, K ^,..., Ki)-summable in the 
multidirection {d,dN, ■ ■ ■ ,di). 

10. Newton polygon 

In this section we introduce the notion of the Newton polygon for the 
moment partial differential operators with constant coefficients. This 
concept is a generalisation of the Newton polygon introduced by Yone- 
mura na for partial differential operators. The similar considerations 
for the partial differential operators with constant coefficients can be 
found in [21 Section 3]. 

We will dehne the Newton polygon for the operator P{dmi,t,dm2,z), 
where 

n k 

P(\C) = J2J2a.,\V. 

i=0 j=0 

To this end we denote by A the set of indices A := {{i,j) E Nq: aij 7 ^ 

0}. So, we may write the polynomial P as 

P(A,C)= 5] o.,AV. 

(*j)GA 


We have 
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Definition 15. The Newton polygon for the operator P(dmi,ti dm 2 ,z) 
with si, S 2 > 0 is defined by the convex hull of the union of sets C{isi + 
js 2 , -i) ((i, j) e A), that is 

A^(P, si,S 2 ) = conv{ IJ C{isi+ js 2 ,-i)}, 
where C{a,b) := {{x,y) G a; < a, y > b} for any (a, 6) G 


Remark 8. Observe that if (i, j) G A then the point (isi+js 2 , —i) in the 
Newton polygon N{P, si, S 2 ) is determined by the operator 


Remark 9. We may extend this definition to the case of pseudodiffer¬ 
ential operators 

n 

^(-^>0 = with Pi(C) ~ C' and g* G Q 

i=0 


putting 

N{P, si, S 2 ) = conv {(J 0(isi qiS 2 , 

ieA 

where A = {iGNo:ai7^0}. Analogously as in the previous case, if i G 
A then the point (^Si-|-gjS 2 , —i) is determined by the pseudodifferential 
operator aidl^^j^Pi{dm 2 ,z)- 


The Newton polygon allows us to describe the multisummable so¬ 
lutions of ([H]) in case of §1 = 0. First observe that the application of 
the moment Borel transform 3 ^ 2 ,zi where m 2 is a moment function of 
order S 2 , gives us for any operator P the formula 

N{Bm 2 ,zP, Sl, S 2 ) = N{P, Si, S 2 + S 2 ). 

Hence, it is sufficient to consider the solutions of ([8]) in case of §2 = 0. 

We find the shape of the Newton polygon for the operators P{dmi,t, dm 2 , 
and P{dmi,t, dm 2 ,z) given by f[T7|) with moment functions mi and m 2 of 
positive orders Si and S 2 respectively. 

So we assume that P(A,C) = Po(C)P(A,C) and degPo(C) = fc G Nq. 
By the definitions of the Newton polygons for differential and pseudo¬ 
differential operators we conclude that the Newton polygon N{P, si, S 2 ) 
is created from N{P, si, S 2 ) by the translation on the vector v = 
{ks 2 , 0), i.e. 

(19) N{P, Si, S 2 ) = N{P , Si, S 2 ) + iks 2 , 0). 

Now we describe the shape of the Newton polygon for the operator 

h lot 

P{.dm^,t,dm 2 ,z) = JJ W{dmut “ A^/J(9^2, 

a=ly=l 

where Xay (0 Xa 0 O°‘ with a pole order go G Q and a leading term 
Xay G C \ {0} for a = 1,..., n and /3 = 1,..., As in the previous 
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section we may assume that there exist exactly N positive pole orders 
which are greater than say ^ < qn < ■ ■ ■ < qi < oo. 

The set of vertices of N{P, si, S 2 ) consists of iV+1 points vq, vi,... ,vn 
such that vq = {nsi, —n) and 

Va = {{n-rii - na)si + {niqi H-h naqa)s 2 , rii-\ -h - n) 

for a = 1 ,..., where Ua = is a number of formal solutions 

of the equation dm 2 ,z)u = 0, which are of Gevrey order qaS 2 — 

Si (see Theorem [T]). Moreover, by flT^ . Uaqa is an integer for a = 
1,..., Observe also that the vertex vq is determined by ^ and 
Tq, (a = 1 ,..., A^) by the operator 

7 = 1 p=i 

It means that the boundary of N{P,si,S 2 ) consists of a horizontal 
half line Tq, A^-segments Ti,..., Tat and a vertical half line Tat+i* Let 
us denote by the slope of r„. Observe that Kq = 0, iLv+i = 00 
and 

Ka = - - -=- for a = 1 ,..., A^. 

^ 2 ^aQa Qa ^2 '^1 

So = 0 < < • • * < Kn < = oo. 

Fix a G {1,..., A^}. The set of points of segment Tq (with ends Va-i 
and Va) is determined by the operator 

Q —1 ^7 lot 

(20) (s”t;'--“" n n 

7=1 p=l P=1 

Moreover the product ^”7”^ n 7 =J U^p=i from ([20]) is 

a common part of all the operators determining the points of segment 
Tq. So it is sufficient to consider the rest of the operator ([20|), i.e. the 
operator 

la 

PrAdrm,t,dyn 2 ,z) ■■= JJ(5mi,t “ Kp{dni 2 ,z))''°‘P 
0=1 

Let M be a formal solution of (|HD with si = S 2 = 0 determined by G 
O^D"^) and satisfying the decomposition (ITHD . As in the previous sec¬ 
tion we conclude that Uap-y is a formal series of Gevrey order 1 /Ka with 
respect to t, which satishes PvAdm^,!, dm 2 ,z)ua 0 'y = QaP'y e Oi^i/,,{D‘^) 
(for every /3 G {1,..., and 7 G {1,..., n„^}). 

So, the Gevrey order 1 /Ka of is determined by the slope of Tq, 
and ATa-summability is determined by the operator iA^(5mi,t, 
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